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EIGENVALUE AND RESONANCE ASYMPTOTICS IN PERTURBED
PERIODICALLY TWISTED TUBES: TWISTING VERSUS BENDING
VINCENT BRUNEAU, PABLO MIRANDA, DANIEL PARRA, AND NICOLAS POPOFF
ABSTRACT. We consider the Dirichlet Laplacian in a three-dimensional waveguide that is a small
deformation of a periodically twisted tube. The deformation is given by a bending and an addi-
tional twisting of the tube, both parametrized by a coupling constant δ. We expand the resolvent
of the perturbed operator near the bottom of its essential spectrum and we show the existence of
exactly one resonance, in the asymptotic regime of δ small. We are able to perform the asymptotic
expansion of the resonance in δ, which in particular permits us to give a quantitative geometric
criterion for the existence of a discrete eigenvalue below the essential spectrum. In the particular
case of perturbations of straight tubes, we are able to show the existence of resonances not only
near the bottom of the essential spectrum but near each threshold in the spectrum. We also obtain
the asymptotic behavior of the resonances in this situation, which is generically different from the
first case.
AMS 2010 Mathematics Subject Classification: 35J10, 81Q10, 35P20.
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1. INTRODUCTION
In this article, we consider the Dirichlet Laplacian in a three-dimensional waveguide Ω Ă R3.
The waveguide is given by an infinite tube constructed as follows: let γ : R Ñ R3 be a regular
curve with curvature and torsion κ and τ , respectively. We assume that this curve is asymptot-
ically straight, in the sense that κ and τ go to 0 at infinity. Let ω Ă R2 be a fixed domain and
construct the following tube: along the curve γ put the cross section ω in such a way that it is
orthogonal to 9γpsq and rotated in an angle θpsq around the same vector. We assume that θ is
a smooth perturbation of a constant rotation, in the sense that 9θpsq “ β ` εpsq, where β P R,
and ε is a decaying function. The resulting domain is called Ω (we refer to the next section for
a precise definition), and asymptotically, it is a perturbation of a periodically twisted tube Ω0
(corresponding to κ “ τ “ ε “ 0). We will study the Dirichlet Laplacian in Ω as a perturbation
of the Dirichlet Laplacian in Ω0. Using a change of variables we study the corresponding unitary
equivalent differential operators defined both in the straight tube R ˆ ω. We denote by H0 the
operator corresponding to Ω0, and by H the operator corresponding to Ω.
An advantage of this procedure is that the operator H0 can be fibered through partial Fourier
transform with respect to the longitudinal variable. The spectrum ofH0 is absolutely continuous,
and the ground state energy corresponds to a unique minimum E1 for the first band function
(notice that very little information is available on the band functions when β ‰ 0, see [4]). The
geometric perturbations considered here do not modify the essential spectrum i.e., the essential
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spectrum of the Laplacian in Ω is the same as the essential spectrum of the Laplacian in Ω0 (or
σesspH0q “ σesspHq). However, discrete eigenvalues can appear. To know whether the geometric
perturbation of a waveguide creates eigenvalues below the essential spectrum is a widely studied
problem, corresponding to the appearance of trapped modes for a quantum particle moving in
the tube. Let us cite [10] for an overview of this problem.
For the case β “ 0, it is well known that the effective twisting, given by 9θ ´ τ , and the bending,
given by κ, compete together in this question: if κ ‰ 0 and the twisting effect is zero (i.e.,
τ ´ 9θ “ 0), eigenvalues below the essential spectrum appear ([8, 7]). This is also the case
if the bending is strong enough. In contrast, the spectrum is unchanged in the case of pure
twisting, which is related to the existence of a Hardy inequality provided by the twisting ([9]).
Furthermore, if the bending is small compared to the twisting, there is no discrete spectrum (for
a comparison of both effects quantitatively in an asymptotic regime see [13]).
The case β ‰ 0 has also been studied before. Assume for instance β ą 0, and κ “ 0, then it
is known that a non zero slowing twist (i.e.,
ş
ε ă 0) will create discrete spectrum ([11, 4]),
but a small enhancement of the twisting (ε ě 0) should not change the spectrum (see [3] for a
partial result). However, to the best of our knowledge, there is no study of the spectrum when
both κ ‰ 0 and β ‰ 0.
This analysis raises the following issues:
‚ Is it possible to have a quantitative criterion to ensure the presence of a discrete eigenvalue
below the essential spectrum?
‚ When there are no eigenvalues, does the perturbation create resonances near the bottom
of the spectrum?
‚ What happens near the upper thresholds in the spectrum?
Our approach to these questions is perturbative: for a parameter δ ą 0, we will consider the
same problem as above but replacing κ, τ and ε by δκ, δτ and δε. We denote byHδ the resulting
operator. Then we will first study what happens near E1 when δ Ñ 0. This approach was already
used in [12, 13], but these works include only the case β “ 0. Moreover, they are concerned only
with the existence of eigenvalues, and the study of the resonances is not treated. We have tackled
these questions in the previous article [6] when both β and κ are 0 (i.e. when Ω0 “ R ˆ ω and
the deformation is only given by a twisting effect).
In this article, we continue this work with a more general treatment by considering the whole
set of geometric perturbations described above. To do this we need to extend the resolvent
pHδ ´ zq´1, acting in weighted spaces, for z near E1 on a two-sheeted Riemann surface. Then
we show that for δ small enough there is exactly one pole of the resolvent near the bottom of the
spectrum. Our method also permits us to obtain the asymptotic expansion of this pole as δ Ñ 0,
and therefore to deduce criteria for which it is a discrete eigenvalue or a resonance on the second
sheet. When β ‰ 0, the distance from this pole to E1 is in general of order δ in the variable
k “ ?E1 ´ z, see Theorem 1 for the expression of the asymptotics. Moreover, when β ‰ 0,
due to an interaction with the constant twisting, the presence of the bending does not necessarily
contribute to the discrete spectrum, see the term in κ in (16) and Section 7. This effect can be
compared to the interaction of a bending with a mixed boundary condition, see [1] for a recent
3result on this point, where the existence of bending does not automatically create eigenvalues
below the essential spectrum.
On the other side, despite the fact that various works on the existence of bound states for de-
formed tubes are available, the results are mainly concerned with their existence below the bot-
tom of the essential spectrum of H0. The spectral effects that the geometric deformations have
near the upper thresholds are not well studied (see however [6]). Using our methods we can prove
some results concerning this problem. In particular, in the case β “ 0 we know that the band
functions of the operatorH0 are of the form p ÞÑ En` p2, for some En P R, n P N. Therefore the
only thresholds in the spectrum of H0 are these En’s. In Theorem 4 we basically prove that near
each En, for any n P N, there exists a resonance. We also obtain the asymptotic behavior of this
pole in terms of δ, where this time the main term is not linear but quadratic.
As in [2, 6], our strategy is to use an explicit decomposition of the resolvent of the free operator.
However, unlike these articles, the Fourier multipliers of H0 are not explicit when β ‰ 0, and
so we need to start by studying the resolvent of H0. Here we will use the fact that first band
function has a unique non-degenerate minimum, see [4]. Our strategy adapts near other non-
degenerate critical points of the band functions (see Remark 3), and probably to more general
fibered operators.
The paper is organized as follows. In section 2 we give the basic definitions while in section
3 we present the main theorems. Then, in section 4 we begin by studying the meromorphic
extensions of the resolvents, both of the unperturbed operator H0 and of the perturbed operator
Hδ. Next, we prove Theorem 1 and Theorem 4, in sections 5 and 6, respectively. In section 7
we consider specific geometries for which we comment and refine our results. In the Appendix
A we include some computations, such as an explicit expression for the perturbationH ´H0 in
term of differential operators.
2. DEFORMED TUBE AND THE HAMILTONIAN
Let γ : R Ñ R3 be a smooth curve parametrized by its arc length. Assume that this curve is
equipped with a distinct frame te1psq, e2psq, e3psqu Ă R3 giving an orthogonal reference frame
at each point γpsq of the curve. If the curvature
κpsq :“ ||:γpsq||
is different from zero for all s P R it is known that the frame can be chosen such that it satisfies
e1psq “ 9γpsq, e2psq “ κpsq´1 9e1psq, e3psq “ e1psq ˆ e2psq.
This is called the Frenet frame. If κ has compact support or vanishes one can still make such
choice meaningful, see [9] for a discussion on how to extend the frame and [15] for a different
approach when the Frenet frame is not available.
Now, let θ : R Ñ R be a function with bounded derivative, and define the “general” frame
teθ
1
, eθ
2
, eθ
3
u which is obtained by rotating the vectors e2psq, e3psq in an angle θpsq around e1psq.
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It is possible to see that these new vectors satisfy the differential equation
d
ds
¨
˝ eθ1psqeθ
2
psq
e
θ
3
psq
˛
‚“
¨
˝ 0 κpsq cos θpsq κpsq sin θpsq´κpsq cos θpsq 0 pτpsq ´ 9θpsqq
´κpsq sin θpsq ´pτpsq ´ 9θpsqq 0
˛
‚
¨
˝ eθ1psqeθ
2
psq
e
θ
3
psq
˛
‚.
Note that eθ
1
“ e0
1
“ e1 and the torsion τ of the curve is actually defined by the last equation
when θ ” 0.
Let ω be a bounded connected region in R2, with C2 boundary. We use the coordinates t “
pt2, t3q for this region, and define the function L : Rˆ ω Ñ R3 given by
(1) Lps, t2, t3q “ γpsq ` t2eθ2psq ` t3eθ3psq.
Then we define our twisted-bent tube as the image Ω :“ LpR ˆ ωq. As usual, we say that the
tube Ω:
(2)
is bent if κ is not identically zero;
is twisted if τ ´ 9θ is not identically zero.
Assume that L is injective and ||κ||L8 suptPω |t| ă 1. This implies that L is a global diffeomor-
phism between the straight tube Rˆ ω and Ω [9].
In this article we study a particular type of twisting, which is given by 9θpsq “ β ` εpsq, where
β P R and ε decay to infinity. Notice that if β ‰ 0 and τ “ ε ” 0 then the tube is periodically
twisted.
2.1. The Hamiltonian. We will study the operator´∆Ω acting in L2pΩq, with Dirichlet bound-
ary condition, i.e., defined through the closed quadratic form
Qrus “
ż
Ω
|∇u|2, u P H1
0
pΩq.
The domain of this operator is H2pΩq X H1
0
pΩq, which follows adapting the proof of [5, Propo-
sition 2.1]. The differential expression of this operator in the global coordinates defined above
can be obtained as follows. First, recall that L is a diffeomorphism and define G “ pGijq, as the
metric tensor induced by L, i.e., Gij “ pBiLq ¨ pBjLq, where for brevity, we sometimes adopt the
notations B1 “ Bs, B2 “ Bt2 , B3 “ Bt3 . Then, following [14] we can set
hps, tq “ 1´ κpsq`t2 cos θpsq ` t3 sin θpsq˘
h2ps, tq “ ´t3
`
τpsq ´ 9θpsq˘
h3ps, tq “ t2
`
τpsq ´ 9θpsq˘,
so G is explicitly given by
G “ pGjkq “
¨
˝ h2 ` h22 ` h23 h2 h3h2 1 0
h3 0 1
˛
‚,
5and h “ ?detG (hence L2pΩq – L2pRˆω, hq). Also, the operator´∆Ω is defined in the global
coordinates ps, tq acting by
1
h
3ÿ
j,k“1
BjhGjkBk,
where as usual pGjkq :“ G´1.
Furthermore, it is convenient to study the operator´∆Ω, after a unitary transformation, inL2pRˆ
ωq. Hence we define U : L2pΩq Ñ L2pRˆ ωq by
Upfq “ pf ˝ Lqh1{2.
The self-adjoint operator Up´∆ΩqU˚ acts on its domain,DpHq “ H2pRˆ ωq XH10pRˆ ωq, by
(3) ´ B2
2
´ B2
3
´ κ
2
4h2
´
´
h´1{2pBs ` pτ ´ 9θqBϕqh´1{2
¯2
,
where Bϕ “ t2B3 ´ t3B2. We will denote the operator (3) byH .
2.2. Reference operator. In (3) consider the operator corresponding to bending zero and peri-
odic twisting, that is, define the operator inDpHq acting by
(4) H0 “ ´B22 ´ B23 ´ pBs ´ βBϕq2 .
Using the partial Fourier transform with respect to the variable s, denoted by F , we can see that
H0 is unitary equivalent to an analytically fibered operator:
(5) FH0F
´1 “
ż ‘
R
h0ppqdp,
where for any p P R
h0ppq “ ´∆ω ´ pip´ βBϕq2
is an operator acting in H2pωqXH1
0
pωq. The family th0ppqu is analytic of type A [5, Lemma 5.1].
Moreover, each operator h0ppq has purely discrete spectrum. Denote by tEnppqu the increasing
sequence of eigenvalues of h0ppq. We can see that the spectrum of H0 is purely absolutely
continuous and given by
σpH0q “
8ď
n“1
EnpRq “ rE1,8q,
where for n ě 1
(6) En :“ min
pPR
Enppq.
In particular E1 is the first eigenvalue of h0p0q “ ´∆ω ´ β2B2ϕ, and the existence of an effective
mass has been proved in [4], so we have
(7) E1ppq “ E1 `mβp2p1`Oppqq, as pÑ 0,
with 0 ă mβ ď 1, the equality holding (i.e., without the remainder term) if β “ 0, withm0 “ 1.
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2.3. Stability of the essential spectrum. Suppose that ε, κ, τ : R Ñ R are non-zero functions
of class C2 with exponential decay i.e., for some α ą 0 they satisfy
(8) κpsq, τpsq, εpsq “ Ope´αxsyq,
where xsy :“ p1 ` s2q1{2, and the same assumption holds for their first and second derivatives.
Straightforward computations show that
(9) H ´H0 ”W “ f0,0 ` f1,0Bs ` f0,1Bϕ ` f1,1BsBϕ ` f2,0B2s ` f0,2B2ϕ,
where fi,j P C0pRˆ ωq satisfy
(10) fi,jps, tq “ Ope´αxsyq,
uniformly with respect to ps, tq P R ˆ ω. The full expression of the fi,j is provided in the
Appendix A.1. This decomposition allows us to repeat the argument of [4, Section 4.1] in order to
conclude thatH´1´H´1
0
is compact, and thereforeH andH0 have the same essential spectrum,
that is
σesspHq “ rE1,8q.
3. MAIN RESULTS
We want to make our deformed tube depending on a coupling constant. For δ P r0, 1s consider
9θδ “ β ` δε, κδ “ δκ and τδ “ δτ.
We define in DpHq the operator given by particularizing (3) to θδ, κδ and τδ:
(11) Hδ “ ´B22 ´ B23 ´
δ2κ2
4h2δ
´
´
h
´1{2
δ pBs ` pδpτ ´ εq ´ βq Bϕqh´1{2δ
¯2
,
where hδps, tq “ 1 ´ δκpsq
`
t2 cos θδpsq ` t3 sin θδpsq
˘
. Thus, δ encodes the turning on of the
perturbation given by θδ, κδ and τδ. It is clear that H1 “ H and the notation is coherent for
H0. Note also that by the previous comments we have σesspHδq “ rE1,8q, and the discrete
eigenvalues of Hδ below E1, are the poles of
(12) z ÞÑ `pHδ ´ zq´1 : L2pRˆ ωq Ñ DpHq Ă L2pRˆ ωq˘
in CzrE1,`8q.
In order to define resonances and to state our first main result, let us settle some notations. Let η
be an exponential weight of the form
(13) ηpsq “ e´Nxsy with 0 ă N ă α
2
.
Set C` :“ tk P C; Im k ą 0u and C`` :“ tk P C; Im k ą 0; Re k ą 0u. Obviously, taking
z “ E1 ` k2 in (12), we obtain that the function
k ÞÑ `pHδ ´ E1 ´ k2q´1 : ηL2pRˆ ωq Ñ η´1DpHq Ă η´1L2pRˆ ωq˘
is meromorphic on C`, with poles at k “ i?E1 ´ µ P iR`, µ P σdiscpHδq. Moreover, thanks to
the weight η this operator valued function admits a meromorphic extension to a neighborhood of
k “ 0:
7Theorem 1. Let ε, κ, τ : R Ñ R be non-zero C2-functions satisfying (8) and fix a sufficiently
small neighborhood of zero D in C. Then, there exists δ0 ą 0 such that for δ ď δ0, the analytic
operator-valued function
C
`` Q k ÞÑ `pHδ ´ E1 ´ k2q´1 : ηL2pRˆ ωq Ñ η´1DpHq˘
admits a meromorphic extension on D. This function has a unique pole kpδq in D, which has
multiplicity one and satisfies
(14) kpδq “ iµ1δ `Opδ2q, µ1 P R.
Moreover, if ψ1 is the normalized function satisfying h0p0qψ1 “ E1ψ1, setting
(15) F psq “
ż
ω
ˆ
|Bϕψ1ptq|2 ` 1
4
|ψ1ptq|2
˙
pt2 cospβsq ` t3 sinpβsqq dt,
we have
(16) µ1 “ β||Bϕψ1||
2
?
mβ
ż
R
pτ ´ εqpsqds´ β
2
?
mβ
ż
R
κpsqF psqds.
Further, the pole kpδq is a purely imaginary number.
With respect to the variable z, the previous result means that
z ÞÑ `pHδ ´ zq´1 : ηL2pRˆ ωq Ñ η´1L2pRˆ ωq˘
admits a meromorphic extension in a neighborhood of z “ E1 on a 2-sheeted Riemann surface
where the function z ÞÑ ?z ´ E1,
?´1 “ i, admits an analytic extension.
Remark 2. In the following, since kpδq is purely imaginary, for δ small it will be important to
consider the sign of µ1. If it is positive, then E1 ` kpδq2 P E1 `R´ corresponds to an eigenvalue
of Hδ under the bottom of the essential spectrum. On the other side, if µ1 is negative then the
resonance actually lies in the second sheet of the Riemann surface. Such resonance is sometimes
called antibound state (see [16, Chap. XI.8.F]).
Remark 3. Suppose that for p˚ P R, the numberEnpp˚q “ E˚ is a nondegenerate minimum of the
band function En, such that E˚ has multiplicitym˚ as eigenvalue of the operator ´∆ω ´ pip˚ ´
βBϕq2, and such that E˚ is not a local minimum for all Em with m ‰ n. Then, using the same
ideas of the proof of the Theorem 1, it is possible to show that there exists a neighborhood of E˚
such that inside this neighborhood there are at most m˚ resonances, and the dependence on δ is
of the form (14).
The ideas of Remark 3 can be made more explicit in the case β “ 0. We decided to present this
case in detail for the following reasons: the asymptotic behavior is generically different from
the case β ‰ 0; the existence of discrete eigenvalues for asymptotically straight tubes has been
studied many times before since [8]; despite this fact there are few results concerning resonances
or the upper thresholds in the spectrum of σpH0q.
To begin with, notice that for β “ 0 the operator H0 is just the Laplacian defined in the straight
tube, i.e.,
(17) H0 “ ´∆Rˆω “ D2s b It ´ Is b∆ω,
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where we are using the notation Ds “ ´iBs. Let En, n ě 1, be the increasing sequence of
eigenvalues of ´∆ω, counted with multiplicity∗. An important difference with the case β ‰ 0
is that this time, it is easy to see that the set of thresholds in the spectrum of σpH0q correspond
precisely with tEnu8n“1. Also, let tψnu8n“1 be an orthonormal basis of eigenvectors of ´∆ω in
L2pωq.
Our next theorem is the corresponding of Theorem 1 for β “ 0 and, generically, any threshold
En.
Theorem 4. Let ε, κ, τ : R Ñ R be non-zero C2-functions satisfying (8) and fix a sufficiently
small neighborhood of zero D in C. Suppose En is a non-degenerate eigenvalue of ´∆ω. Then,
there exists δ0 ą 0 such that for δ ď δ0, the analytic operator-valued function
k ÞÑ `pHδ ´ En ´ k2q´1 : ηL2pRˆ ωq Ñ η´1L2pRˆ ωq˘
admits a meromorphic extension on D. This function has a unique pole knpδq in D, which has
multiplicity one. Moreover
(18) kpδq “ iµ2,nδ2 `Opδ3q,
where
(19)
µ2,n “ 1
8
ÿ
q‰n
pEq ´ Enq2xψq|t2ψny2xκ|pD2s ` Eq ´ Enq´1κy
´1
2
ÿ
q‰n
pEq ´ Enqxψq|Bϕψny2xpτ ´ εq|pD2s ` Eq ´ Enq´1pτ ´ εqy
´1
2
ÿ
q‰n
pEq ´ Enqxψq|Bϕψnyxψq|t2ψnyxτ ´ ε|pD2s ` Eq ´ Enq´1 9κy.
Remark 5. In the particular case n “ 1 and if µ2,1 ą 0, this result was previously obtained in
[13]. Further, a similar result was obtained in [6] when only twisting is considered, i.e., κ “ 0.
Remark 6. In formula (19) when q ă n, the operator pD2s ` Eq ´ Enq´1 has to be understood as
the limit of pD2s ` Eq ´ En ´ k2q´1, acting in some weighted spaces, when k Ñ 0.
Remark 7. We decided to assume that En is a non-degenerate eigenvalue of ∆ω in order to keep
the proof simpler. As we noticed in Remark 3 the extension of the resolvent is also possible in
the degenerate case, the number of resonances is bounded by the index of degeneracy and the
behavior of each resonance is of the type (18) (see [6] for the case κ “ 0).
4. MEROMORPHIC EXTENSION OF THE RESOLVENTS
In this section, we show that the resolvent of the perturbed operator, acting in weighted spaces,
can be extended meromorphically in a neighborhood of E1. Our strategy is to exploit an explicit
description of the pole of the resolvent of H0 and then conclude by relating it to the resolvent of
Hδ via a resolvent identity.
∗This notation is in agreement with the notation introduced in (6).
9We start by setting some notations. For n P N and p P R, denote by pnppq the orthogonal
projection onto kerph0ppq ´ Enppqq. Let Ψnp¨, pq be such that
h0ppqΨnp¨, pq “ EnppqΨnp¨, pq, ||Ψnp¨, pq||L2pωq “ 1.
Since the first eigenvalue is non-degenerate p1ppq “ |Ψ1p¨, pqyxΨ1p¨, pq|. Moreover, the functions
Ψ1p¨, pq
can be chosen analytically dependent on p.
In addition, using the unitary operator of complex conjugation we can see that the band functions
Enppq are even for any n ě 1, and for the associated eigenfunctions Ψnp¨, pq, we have
(20) Ψnp¨,´pq “ Ψnp¨, pq, p P R.
Since we will mainly need these quantities for p “ 0, we will use the simplified notation ψn “
Ψnp¨, 0q and πn “ pnp0q (Note that this is also coherent with the notation introduced just before
Theorem 4 where β “ 0 ) .
For k P C`` set
Apkq :“ ηpH0 ´ E1 ´ k2q´11p´8,E2qpH0qη
and
(21) Bpkq :“ ηpH0 ´ E1 ´ k2q´1η ´ Apkq.
Clearly, the operator-valued function k ÞÑ Bpkq : L2pR ˆ ωq Ñ DpHq admits an analytic
extension on k, provided that k2 P CzrE2 ´ E1,`8q, in particular near k “ 0. For A, we have
the following meromorphic extension.
Proposition 8. There exists a neighborhoodD of zero inC in which the operator valued function
k ÞÑ Apkq admits a meromorphic extension on D. This extension has a unique pole at k “ 0 and
has multiplicity one. Further, in the Laurent expansion Apkq “ řlě´1Alkl we have
(22) A´1 “ i
2
?
mβ
|η b ψ1yxη b ψ1|.
Proof. We start by noticing that because of (7) and for |p| sufficiently small, say |p| ă ǫ, we can
write
(23)
a
E1ppq ´ E1 “ pdppq,
where dppq “ m1{2β `Oppq, is analytic for |p| ă ǫ.
Without loss of generality, consider ǫ ă N and letD Ă C be an open subset ofBp0, ǫq containing
zero and within the bounded part defined by the curve zdpzq, where |z| “ ǫ. Set also ǫ1 such that
E1pǫ1q “ E2. By the parity of the band functions we have that E1 pp´ǫ1, ǫ1qq “ rE1, E2q.
Now, note that Apkq “ ηF´1 ş‘p´ǫ1,ǫ1qpE1ppq ´ E1 ´ k2q´1p1ppqdpFη, then its integral kernel is
given by
ηpsqηps1q
2π
ż
p´ǫ1,ǫ1q
eipps´s
1qΨ1pt, pqΨ1pt1, pqpE1ppq ´ E1 ´ k2q´1dp.
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Take ǫ ă ǫ1. For k P DXC``, using (23) and the analytic properties of Ψ1 with respect to p, we
have ż
r´ǫ,ǫs
eipps´s
1qΨ1pt, pqΨ1pt1, pqpp2dppq2 ´ k2q´1dp
“ 1
2k
ż
r´ǫ,ǫs
eipps´s
1qΨ1pt, pqΨ1pt1, pq
ˆ
1
pdppq ´ k ´
1
pdppq ` k
˙
dp
“ 1
2k
ˆ
´
ż
γ1
eizps´s
1qΨ1pt, zqΨ1pt1, zq
zdpzq ´ k dz `
ż
γ2
eizps´s
1qΨ1pt, zqΨ1pt1, zq
zdpzq ` k dz
˙
where we have used the Cauchy formula for the curves γ1ptq “ ǫe´it, 0 ă t ă π, and γ2ptq “
ǫeit, 0 ă t ă π. Consider the operator with integral kernel depending on k given by
ηpsqηps1q
ˆ
´
ż
γ1
eizps´s
1qΨ1pt, zqΨ1pt1, zq
zdpzq ´ k dz `
ż
γ2
eizps´s
1qΨ1pt, zqΨ1pt1, zq
zdpzq ` k dz
˙
.
For every k P D, this operator is bounded from L2pR ˆ ωq to DpHq and due to our choice of ǫ
and D it depends analytically on k. This implies that Apkq has a meromorphic extension from
D X C`` to D with a unique pole at zero (the integral over p´ǫ1, ǫ1qzr´ǫ, ǫs is clearly analytic).
Finally, to compute A´1 we just need to evaluate the above line integral at k “ 0, obtaining the
integral kernel
ηpsqηps1q
4π
ż
γ
eizps´s
1qΨ1pt, zqΨ1pt1, zq
zdpzq dz “
i
2
?
mβ
ηpsqηps1qΨ1pt, 0qΨ1pt1, 0q
(here γ “ eit, 0 ă t ď 2π). This kernel obviously defines a rank one operator, in consequence
the pole at zero has multiplicity one. 
From the previous Proposition and (21), we can see that
(24) ηpH0 ´ E1 ´ k2q´1η “ A´1
k
` F pkq,
where F pkq :“ ř8l“0Alkl ` Bpkq can be extended analytically from k P D X C`` to k P D, in
LpL2pRˆ ωq, DpHqq.
We will denote the meromorphic extension of ηpH0 ´ E1 ´ k2q´1η to D by ηR0pkqη.
Let us now consider the problem of extending the resolvent ofHδ. Set
(25) Wδ “ Hδ ´H0.
Then, as in (9), we have the decomposition Wδ “
ř
0ďi,jď2 fi,jpδqBi,j, where fi,jpδqps, tq “
Opδe´αxsyq. This, combined with (13), ensures that
(26) η´1Wδη´1 P LpDpHq, L2pRˆ ωqq.
Moreover,Wδψn is well defined and satisfies
(27) pWδψnqps, tq “ δe´αxsypg˜ `Op1qq,
uniformly with respect to ps, tq P R ˆ ω and with g˜ bounded and independent of δ (see the
Appendix A.1).
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Next, consider the following identity valid for k P C``
(28) ηpHδ ´ E1 ´ k2q´1η “ ηR0pkqη
`
Id ` η´1Wδη´1ηR0pkqη
˘´1
.
This identity motivates the following preparatory Lemma for which we need to define
(29) Φδ :“ i
2
?
mβ
η´1Wδψ1.
Lemma 9. There exists a neighborhood D of zero and δ0 ą 0 such that for any 0 ă δ ď δ0 and
k P Dzt0u
η´1Wδη´1ηR0pkqη “ 1
k
K0pδq ` T pδ, kq,
where K0pδq is the rank one operator
(30) K0pδq “ |Φδyxη b ψ1|,
and D Q k ÞÑ pT pδ, kq: L2pRˆ ωq Ñ L2pRˆ ωqq is an analytic operator-valued function.
Moreover,
(31) sup
kPD
||T pδ, kq|| “ Opδq.
Proof. Taking into account (24) define
(32) K0pδq :“ η´1Wδη´1A´1
and
(33) T pδ, kq :“ η´1Wδη´1F pkq.
Thanks to (27) and (22), K0pδq is well defined and satisfies (30). Then the Lemma follows from
(26) and F pkq P LpL2pRˆ ωq, DpHqq (see after (24)) . 
Now we are in condition to prove the main result of this section, namely the existence of a
meromorphic extension of the resolvent of the full Hamiltonian in a neighborhood of the bottom
of its spectrum.
Proposition 10. There exists a neighborhoodD of zero in C, and δ0 ą 0 such that for δ ă δ0 the
operator valued function k ÞÑ ηpHδ ´ E1 ´ k2q´1η admits a meromorphic extension on D. We
write this extension by ηRpkqη.
Proof. Consider the identity (28), and note that from Lemma 9 for k P Dzt0u and δ sufficiently
small we can write
(34)
´
Id` η´1WδR0pkqη
¯
“
´
Id` T pδ, kq
¯´
Id ` 1
k
pId` T pδ, kqq´1K0pδq
¯
.
For k P Dzt0u let us set the rank one operator
K :“ 1
k
pId` T pδ, kqq´1K0pδq “ 1
k
|pId` T pδ, kqq´1Φδyxη b ψ1|,
and define
(35) νδpkq :“ xη b ψ1|pId` T pδ, kqq´1Φδy.
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Note that if νδpkq ‰ 0, then νδpkqk in the only non zero eigenvalue ofK. The inverse of pId`Kq
is of the form
(36) pId `Kq´1 “ ΠKδ `
k
k ` νδpkqΠδ,
where ΠKδ is the projection onto pspan tη b ψ1uqK into the direction Φ˜δ and Πδ “ Id ´ ΠKδ .
Define kpδq as the solutions of k ` νδpkq “ 0. In consequence, putting together (28), (24), (34)
and (36) we obtain that for all k P Dzt0, kpδqu
ηpHδ ´ E1 ´ k2q´1η “
´1
k
A´1 ` F pkq
¯´
ΠKδ `
k
k ` νδpkqΠδ
¯
pId` T pδ, kqq´1.
By the definition of ΠKδ and A´1, we have that A´1Π
K
δ “ 0 and then:
(37)
ηpHδ´E1´k2q´1η “ 1
k ` νδpkq
´
A´1`kF pkq
¯
ΠδpId`T pδ, kqq´1`F pkqΠKδ pId`T pδ, kqq´1.
Therefore, for δ sufficiently small, by the analyticity of F pkq and Lemma 9, k ÞÑ ηpHδ ´ E1 ´
k2q´1η admits a meromorphic extension to D. 
5. PROOF OF THEOREM 1 ( β ‰ 0)
In this section, we provide the proof of Theorem 1. We start by collecting some information about
the behavior of the quantity νδ defined in (35). First, in Lemma 11, we derive its asymptotic
behavior while in Lemma 12 we obtain a property that will allow us to show that the pole is
purely imaginary.
Lemma 11. Let D and δ0 be as in Proposition 10. Then for k P D and δ P r0, δ0s we have:
νδpkq “ ´iµ1δ ´ iµ2δ2 ` kδ2gδpkq `Opδ3q,
where µ1 is given in (16), µ2 is a real number and gδ is an analytic function.
Proof. First note that by the Neumann series and (31)
pId` T pδ, kqq´1 “ Id´ T pδ, kq `Opδ2q
“ Id´ T pδ, 0q ` kGpδ, kq `Opδ2q,
where G is analytic with uniformly bounded norm in δ small and k P D. Then
(38)
νδpkq “ i
2
?
mβ
xψ1η|η´1Wδψ1y ´ i
2
?
mβ
xψ1η|T pδ, 0qη´1Wδψ1y ` kδ2gδpkq `Opδ3q,
where we used (27) and (31). By (27), since T pδ, 0q “ η´1Wδη´1F p0q, to find µ1 we need only
the first asymptotic term of xψ1η|η´1Wδψ1y. We therefore have µ1 “ ´ 12?mβ µ˘1,1, where µ˘1,1
is computed in Lemma 13 in the Appendix (A.2). Further, µ2 comes from the second term of
xψ1η|η´1Wδψ1y and from the main term of xψ1η|T pδ, 0qη´1Wδψ1y and is hence real. 
Lemma 12. For all α real and small
iνδpiαq P R.
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Proof. First, we will prove that F piαq is self-adjoint. To do that recall that F pkq “ Apkq´ A´1
k
`
Bpkq. SinceBpiαq “ ηfpH0qη for fpxq “ px´E1`α2q´11rE2,8qpxq, it is obviously self-adjoint.
From Proposition 8 we have that the kernel of Apiαq ´ A´1
iα
is
ηpsqηps1q
2π
ˆż
r´ǫ1,ǫ1s
eipps´s
1qΨ1pt, pqΨ1pt1, pq
E1ppq ´ E1 ` α2 dp´
πiΨ1pt, 0qΨ1pt1, 0q?
mβiα
˙
,
Moreover, making a change of variables for α ‰ 0, using the parity of the band functions and the
property (20) we obtainż
r´ǫ1,ǫ1s
eipps´s
1qΨ1pt, pqΨ1pt1, pq
E1ppq ´ E1 ` α2 dp “
ż ǫ1
0
2Re
`
eipps´s
1qΨ1pt, pqΨ1pt1, pq
˘
E1ppq ´ E1 ` α2 dp,
which is real and symmetric. Also notice that Ψ1pt, 0q is real valued. This gives us the self-
adjointness of Apiαq ´ A´1
iα
.
Now, recall that νδpkq :“ i2?mβ xψ1η|pId` T pδ, kqq´1η´1Wδψ1y, then using the Neumann series
it is enough to show that xψ1η|T pδ, kqnη´1Wδψ1y is real valued for all n P N when k “ iα. But
since T pδ, kq “ η´1Wδη´1F pkq, denoting by A :“ F piαq, and B :“ η´1Wδη´1, we have
xψ1η|T pδ, kqnη´1Wδψ1y “ xWδψ1|η´1ABA...ABAη´1Wδψ1y,
which is real because of the self-adjointness of A and B. 
Proof of Theorem 1. The meromorphic extension of the resolvent to D was obtained in Proposi-
tion 10. Let us prove that there is only one pole inside D. Consider a circle γ within D and take
the analytic functions fpkq :“ k ` νδpkq and gpkq :“ k. Then, since the radius of γ is fixed,
taking δ small and using Lemma 11 we have that
|f ´ g| ă |g|
on γ. Thus, Rouche’s Theorem implies the existence of a unique solution of the equation k `
νδpkq “ 0 inside γ.
The behavior (14) follows immediately from Lemma 11. The multiplicity of kpδq is the rank of
the residue of ηRδpkqη, which from (37) is giving by the rank of pA´1 ` kpδqF pkpδqqqΠδ. By
the definition of Πδ the rank of pA´1 ` kpδqF pkpδqqqΠδ is at most one. By (14), for δ small,
this rank is equal to the rank of A´1Πδ which is one if νδpkq ‰ 0. If νδpkq “ 0, in the proof of
Proposition 10, the equality (36) becomes pId`Kq´1 “ ΠKδ ` Πδ “ Id. Therefore (28) implies
that k “ 0 is the unique pole of the resolvent of Hδ, and has multiplicity one by Proposition 8.
Finally, to see that kpδq is purely imaginary, consider the real-valued function tpxq “ ipix `
νδpixqq, x P R (have in mind Lemma 12). Applying Lemma 11, if µ1 ‰ 0, we have that tp0q
and tpi2µ1δq have different signs, for δ small. In consequence, t has a root of modulus smaller
than 2|µ1δ|. By the uniqueness proved above, this root is ikpδq. If µ1 “ 0, again by Lemma 11,
νδp˘δq “ Opδ2q, therefore tpδq and tp´δq have different signs for δ small. Arguing as before we
conclude the proof of the Theorem. 
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6. PROOF OF THEOREM 4 ( β “ 0)
Proof of Theorem 4. First note that from (17), we have that for k P C``
(39) pH0 ´ En ´ k2q´1 “
ÿ
qě1
pD2
3
` pEq ´ Enq ´ k2q´1 b πq.
Thus, the meromorphic extension of ηpH0 ´ En ´ k2q´1η is explicit. Indeed, from (39), the
operator
ř
qąnpD23 ` pEq´ Enq´ k2q´1b πq “ 1rEn`1,8qpH0q has an obvious analytic extension.
Further, for q ď n the kernel of pD23 ` pEq ´ Enq ´ k2q´1 is explicitly given by
i
2
a
k2 ` En ´ Eq
ei|s´s
1|
?
k2`En´Eq .
For q ă n, these kernels define operators analytically dependent on k in a neighborhood of 0.
For the case q “ n, the operator Anpkq :“ ηpD23 ´ k2q´1η b πn has a meromorphic extension
with a unique pole at zero, which has multiplicity one. In conclusion, denoting by Bnpkq :“ř
q‰npD23 ` pEq ´ Enq ´ k2q´1 b πq, we have the meromorphic extension
ηpH0 ´ En ´ k2q´1η “ 1kAn,´1 ` Fnpkq,
where An,´1 has integral kernel i2ηps1qηpsqψnpt1qψnptq and Fnpkq “ Anpkq ´ 1kAn,´1 `Bnpkq is
analytic in a neighborhood of zero.
Next, the proof of the extension of the resolvent of pHδ ´ En ´ k2q´1 to a neighborhood of zero
D works mutatis mutandis the proof of Proposition 10. Also, since we are assuming that En is a
non-degenerate eigenvalue of ∆ω, the proof of the uniqueness of the pole in D works similarly
as well.
Recalling that if β “ 0 we havemβ “ 1, we define
Φn,δ :“ i
2
η´1Wδψn, Tnpδ, kq :“ η´1Wδη´1Fnpkq
and
νn,δpkq :“ xη b ψn|pId ` Tnpδ, kqq´1Φn,δy.
As in Lemma 11 we have that νn,δpkq “ ´iµ2,nδ2 ` kδ2gδpkq ` Opδ3q (the term of order δ is
zero due to β “ 0 ). To compute µ2,n we need to consider the second order term of
´1
2
xψnη|η´1Wδψny ` 1
2
xψnη|Tnpδ, 0qη´1Wδψny “ ´1
2
xψn|Wδ ψny ` 1
2
xWδψn|η´1F p0qη´1Wδψny,
where the first inner product in the right hand side needs to be understand as a duality. First, from
Lemma 13 in the Appendix
(40) ´ xψn|Wδ ψny “
˜›››κ
2
›››2 ´ ›››› 9κ2 t2ψn ` pτ ´ ǫqBϕψn
››››
2
¸
δ2 `Opδ3q.
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Now, let us consider the term given by xWδψn|η´1F p0qη´1Wδψny. The integral kernel of the
operator
`
Anpkq ´ 1kAn,´1
˘ ˇˇ
k“0 is
´|s´ s
1|
2
ηps1qηpsqψnpt1qψnptq.
Also, note that from the proof of Lemma 13 in the Appendix we obtain
(41) Wδψn “
´
´ 1
2
:κt2ψn ` p 9ǫ´ 9τ qBϕψn
¯
δ `Opδ2q.
In consequence, since ψn is orthogonal to Bϕψn, using (41) we obtain
(42)
xWδψn|
`
Anpkq ´ 1kAn,´1
˘ ˇˇ
k“0Wδψny “ ´δ2
ż
R2
|s ´ s1|
8
:κps1q:κpsqds1ds
ˆż
ω
t2ψnptq2dt
˙2
`Opδ3q
“ δ
2
4
} 9κ}2 xψn|t2ψny2 `Opδ3q
Further, we compute
(43) xWδψn|η´1Bnp0qη´1Wδψny
“ δ2
C`1
2
:κt2ψn ` p 9τ ´ 9ǫqBϕψn
˘ˇˇˇ ÿ
q‰n
`pD2s ` pEq ´ Enqq´1 b πq˘`12:κt2ψn ` p 9τ ´ 9ǫqBϕψn˘
G
`Opδ3q
“ δ2
C`1
2
9κt2ψn ` pτ ´ ǫqBϕψn
˘ˇˇˇ ÿ
q‰n
`
Is b πq
˘`1
2
9κt2ψn ` pτ ´ ǫqBϕψn
˘G`Opδ3q
´δ2
C`1
2
9κt2ψn ` pτ ´ ǫqBϕψn
˘ˇˇˇ ÿ
q‰n
pEq ´ Enq
`pD2s ` pEq ´ Enqq´1 b πq˘`12 9κt2ψn ` pτ ´ ǫqBϕψn
˘G
,
where we have integrated by parts in the variable s and then added and subtracted in each term
the operator pEq ´ Enq
`pD2s ` pEq ´ Enqq´1 b πq˘.
The first term in the last equality is equal to
δ2} 9κ
2
}2
ÿ
q‰n
|xt2ψn|ψqy|2 ` δ2}τ ´ ε}2
ÿ
q‰n
|xψq|Bϕψny|2 ` δ22x 9κ
2
|τ ´ εy
ÿ
q‰n
xψq|t2ψnyxψq|Bϕψny
(44) “ δ2} 9κ
2
}2 `}t2ψn}2 ´ xψn|t2ψny˘` δ2}τ ´ ε}2}Bϕψn}2 ` δ22x 9κ
2
|τ ´ εyxt2ψn|Bϕψny.
“ δ2
˜›››› 9κ2 t2ψn ` pτ ´ ǫqBϕψn
››››
2
´ xψn|t2ψny} 9κ
2
}2
¸
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Putting together (40), (42), (43), (44) we get
µ2,n “ 1
8
||κ||2 ´ 1
2
ÿ
q‰n
pEq ´ Enqxψq|Bϕψny2xpτ ´ εq|pD2s ` Eq ´ Enq´1pτ ´ εqy
´1
8
ÿ
q‰n
pEq ´ Enqxψq|t2ψny2x 9κ|pD2s ` Eq ´ Enq´1 9κy
´1
2
ÿ
q‰n
pEq ´ Enqxψq|t2ψnyxψq|Bϕψnyxτ ´ ε|pD2s ` Eq ´ Enq´1 9κy.
To finish, in the second sum integrate by parts in the variable s again, obtainingÿ
ně2
pEq ´ Enqxψq|t2ψny2x 9κ|pD2s ` Eq ´ Enq´1 9κy
“ }κ}2
ÿ
ně1
pEq ´ Enqxψq|t2ψny2 ´
ÿ
ně2
pEq ´ Enq2xψq|t2ψny2xκ|pD2s ` Eq ´ Enq´1κy
“ }κ}2xp´∆ω ´ E1qt2ψn|t2ψny ´
ÿ
ně2
pEq ´ Enq2xψq|t2ψny2xκ|pD2s ` Eq ´ Enq´1κy
“ }κ}2x´2B2ψn|t2ψny ´
ÿ
ně2
pEq ´ Enq2xψq|t2ψny2xκ|pD2s ` Eq ´ Enq´1κy
“ }κ}2 ´
ÿ
ně2
pEq ´ Enq2xψq|t2ψny2xκ|pD2s ` Eq ´ Enq´1κy.
this will finally give us (19). 
7. DISCUSSION
In the statement of Theorems 1 and 4 appear several different quantities that determine the con-
stants µ1 and µ2. In order to understand better the influence of the curvature and twisting on
these constants, we will consider some different cases separately and make some comments
about them.
7.1. Theorem 1, κ “ 0. I this situation we obtain µ1 “ ´ β?mβ ||Bϕψ1||2
ş
R
ε ds, which implies
that the existence of a bound state or an anti-bound state near E1 depends on the sign of
ş
R
εpsq ds.
In particular, using that
δε “ 9θδ ´ β “
9θδ
2 ´ β2
9θδ ` β
“
9θδ
2 ´ β2
2β
`Opδ2q,
it can be easily seen that
kpδq “ ´i
2
?
mβ
||Bϕψ1||2
ż
R
p 9θδ2 ´ β2q ds`Opδ2q,
in agreement with the articles [11, 3]. In particular in [11], with a slightly different notation, it
is shown that if
ş
R
p 9θ2 ´ β2q ds ď 0 then we obtain eigenvalues while in [3] they prove a Hardy
inequality under the assumption βǫ ě 0 (that correspond to ş
R
p 9θ2 ´ β2q ds ą 0). What we have
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shown is that in the last case we have an antibound state. Moreover, it is possible to compute the
term of order δ2 if we assume for example that ε is odd. In this case µ1 “ 0 and
µ2 “
ż
R
ÿ
q“1
p2
Eqppq ´ En |xΨnppq|2βEˆB
2
ϕψ1 ´ εˆBϕψ1y|2dp´ }Bϕψ1}2
ż
R
|εˆppq|2dp,
where Epsq “ şs´8 εprqdr. However, we were not able to find the sign of µ2, which would help
us to see whether the condition
ş
R
p 9θ2 ´ β2q ds ě 0 is optimal or order to obtain eigenvalues
below the bottom of the essential spectrum.
7.2. Theorem 1,
ş
τ´ε “ 0. In this case µ1 “ ´ β22?mβ
ş
R
κpsqF psqds,which will give us bound
states or anti-bound states depending on the interaction between κ and F . If the function F is not
zero everywhere, we can construct a waveguide such the interaction term is positive (respectively,
negative) by choosing κ with support when F is positive (respectively, negative). This implies in
particular that bending does not act necessarily as an attractive potential for periodically twisted
tubes.
If
ş
τ ´ ε ‰ 0, κ ‰ 0, we can play with the constant β to get bound or anti-bound states. For
example if β is small the main contribution will come from
ş
τ ´ ε, or even we can have µ1 “ 0.
7.3. Theorem 4. Unless the previous case, for the non-periodically twisted deformed tube, it is
known that bending acts as an attractive potential and twisting as a repulsive potential (see [14]
for a review). In consequence, when only bending is considered, we know that there exists at
least one discrete eigenvalue below E1 [8, 12]. In that case, our formulas (18)-(19) show that we
have an eigenvalue of Hδ of the form
E1 ´ 1
64
˜ÿ
q‰1
pEq ´ E1q2xψq|t2ψ1y2xκ|pD2s ` Eq ´ E1q´1κy
¸2
δ4 `Opδ5q,
which coincides with [12, Theorem 2.2].
With our result we can say more than that, for instance taking n “ 2, Theorem 4 yields that the
resonance near E2 satisfies
kpδq “ ´ i
8
ÿ
q‰2
pEq ´ E2q2xψq|t2ψ2y2xκ|pD2s ` Eq ´ E2q´1κy δ2 `Opδ3q.
The real part of the δ2 term can come only from ixκ|pD2s ` E1 ´ E2q´1κy, for which it is easy
to give conditions such that this is not equal to zero. In this situation we will have a resonance
which is not an anti-bound state. A related interesting question is if it is possible to choose κ, τ
and ε such that instead of a resonance we produce an embedded eigenvalue.
In conclusion, what we have shown in (18)-(19) is how the two deformations quantitatively
compete to produce resonances, in the regime of a weak coupling constant. The third term in
(19) appear as an interaction between the two effects.
18 V. BRUNEAU, P. MIRANDA, D. PARRA, AND N. POPOFF
APPENDIX A. SOME EXPLICIT EXPANSIONS
A.1. The perturbation as a second order differential operator. In this appendix we give
some explicit computations that are straightforward. For simplicity we set ξpsq :“ τpsq´ǫpsq´β.
Also it is easy to see that hps, tq “ 1´ κpsqpt2 cospθpsqq ` t3 sinpθpsqqq satisfies
pBϕhqps, tq “ κpsqpt3 cospθpsqq ´ t2 sinpθpsqqq “: h˜ps, tq and Bϕh˜ “ 1´ h .
With this we can start computing an expression for W . Here we systematically use the notation
9f “ Bsf and f˜ “ Bϕf . By definition we have:
W “ ´ κ
2
4h2
´ ph´ 12 pBs ` ξBϕqh´ 12 q2 ` B2s ´ 2βBsBϕ ` β2B2ϕ
Noticing that
h´
1
2 pBs ` ξBϕqh´ 12 “ 1
h
Bs ` ξ
h
Bϕ ´
9h` ξh˜
2h2
,
we get´
h´
1
2 pBs ` ξBϕqh´ 12
¯2
“
1
h2
B2s ´
9h
h3
Bs ` ξ
h2
BsBϕ `
˜
9ξ
h2
´ ξ
9h
h3
¸
Bϕ ´
9h` ξh˜
2h3
Bs ´
:h` 9ξh˜` ξ 9˜h
2h3
`
9h2 ` ξh˜ 9h
h4
` ξ
h2
BsBϕ ´ ξh˜
h3
Bs ` ξ
2
h2
B2ϕ ´
ξ2h˜
h3
Bϕ ´ ξ
9h` ξ2h˜
2h3
Bϕ ´ ξ
9˜
h` ξ2p1´ hq
2h3
` ξ
9hh˜` ξ2h˜2
h4
´
9h` ξh˜
2h3
Bs ´ ξ
9h` ξ2h˜
2h3
Bϕ `
9h2
4h4
` ξ
9hh˜
2h4
` ξ
2h˜2
4h4
.
Then, writing
(45) W “ f0,0 ` f1,0Bs ` f0,1Bϕ ` f1,1BsBϕ ` f2,0B2s ` f0,2B2ϕ
we obtain
f0,0 “ ´ κ
2
4h2
`
:h
2h3
`
9ξh˜
2h3
` ξ
9˜
h
h3
´ 5
9h2
4h4
´ 5ξh˜
9h
2h4
` ξ
2p1´ hq
2h3
´ 5ξ
2h˜2
4h4
;
f1,0 “ 2
9h
h3
` 2ξh˜
h3
;
f0,1 “ 2ξ
9h
h3
` 2ξ
2h˜
h3
´
9ξ
h2
;
f1,1 “ ´2β ´ 2ξ
h2
;
f2,0 “ 1´ 1
h2
;
f0,2 “ β2 ´ ξ
2
h2
.
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A.2. Asymptotics of the coefficient in the perturbative regime. We are now interested in the
asymptotic behavior of xη b ψn|η´1Wδψny “ xψn|Wδψny as δ Ñ 0. For this we need to make
appear the δ-dependence in the previous expressions. We set ξδpsq “ δτpsq ´ δǫpsq ´ β and
introduce the auxiliary function Ξδpsq :“ ξδpsq`β “ δτpsq´ δǫpsq “: δΞpsq. Furthermore, set-
ting Epsq “ şs´8 ǫpsqds we get the expression θδpsq “ βs` δEpsq. Before studying xψn|Wδψny
we need the asymptotic behavior of hδps, tq “ 1´ δκpsqpt2 cospθδpsqq ` t3 sinpθδpsqqq given by
(46) hδ “ 1` δg1 ` δ2g2 `Opδ3q
where
(47)
g1ps, tq “ ´κpsqpt2 cospβsq ` t3 sinpβsqq ,
g2ps, tq “ ´κpsqEpsqp´t2 sinpβsq ` t3 cospβsqq .
We will also need the fact that:
h´1δ “ 1´ g1δ ` pg21 ´ g2qδ2 `Opδ3q ;
h´2δ “ 1´ 2g1δ ` p3g21 ´ 2g2qδ2 `Opδ3q ;
h´nδ “ 1´ ng1δ `Opδ2q .
The relation Bϕh “ h˜ gives the corresponding asymptotic for h˜δ
h˜δ “ g˜1δ ` g˜2δ2 `Opδ3q,
where g˜i “ Bϕgi.
Lemma 13. Under the assumptions of decay of κ, τ, ε and its derivatives (see (8)) we have the
following asymptotic:
(48) xψn|Wδψny “ µ˘1,nδ ` µ˘2,nδ2 `Opδ3q.
The constant µ˘1,n is given by
(49) µ˘1,n “ 2β}Bϕψn}2
ż
R
ε´ τ ` β2
ż
Rˆω
κp1
2
|ψn|2 ` 2|Bϕψn|2qϑ,
where ϑps, tq is given by
(50) ϑps, tq :“ pt2 cospβsq ` t3 sinpβsqq.
Assume moreover that β “ 0. Then µ˘1,n “ 0 and µ˘2,n is given by
(51) µ˘2,n “ ´
›››κ
2
›››2 ` ›››› 9κ2 t2ψn ` pτ ´ εqBϕψn
››››
2
.
Proof. In order to compute the differential operator in the r.h.s. of (45) applied to ψn, since
Bsψn “ 0, we only need the expansions of f0,j for j P t0, 1, 2u:
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f0,0pδq “
ˆ
´κ
2
4
δ2 `Opδ3q
˙
`
ˆ
:g1
2
δ ` :g2 ´ 3g1:g1
2
δ2 `Opδ3q
˙
`
˜
9Ξg˜1
2
δ2 `Opδ3q
¸
`
´
´β 9˜g1δ ` p3βg1 9˜g1 ´ β 9˜g2 ` 9˜g1Ξqδ2 `Opδ3q
¯
`
ˆ´5 9g21
4
δ2 `Opδ3q
˙
`
ˆ
5β 9g1g˜1
2
δ2 `Opδ3q
˙
`
ˆ´β2g1
2
δ ` β
2p3g2
1
´ g2q ` 2βΞg1
2
δ2 `Opδ3q
˙
`
ˆ´5β2g˜2
1
4
δ2 `Opδ3q
˙
which gives
f0,0pδq “
ˆ
:g1
2
´ β
2g1
2
´ β 9˜g1
˙
δ `
«
1
2
´
:g2 ´ 3g1:g1 ` 9Ξg˜1 ` 5β 9g1g˜1 ` β2p3g21 ´ g2q
¯
´ 5
4
`
β2g˜2
1
` 9g2
1
˘` βΞg1 ` 3βg1 9˜g1 ´ β 9˜g2 ` Ξ 9˜g1 ´ κ2
4

δ2 `Opδ3q.
The higher order terms are
f0,1pδq “
´
2β2g˜1 ´ 2β 9g1 ´ 9Ξ
¯
δ
`
´
2Ξ 9g1 ` 2 9Ξg1 ´ 4βΞg˜1 ´ 2β 9g2 ` 6βg1 9g1 ` 2β2g˜2 ´ 6β2g1g˜1q
¯
δ2 `Opδ3q
and
f0,2pδq “ p2βΞ` 2β2g1qδ ´
`
Ξ2 ` 4βΞg1 ` β2p3g21 ´ 2g2q
˘
δ2 `Opδ3q
Let us now compute µ˘1,n when β ‰ 0. Notice that for any function R ˆ ω Q ps, tq Ñ F ps, tq
such that 9F p¨, tq is integrable for every t P ω, we have x 9Fψn, ψny “ 0 for every 1 ď n ď 8.
Therefore, we have
xψn|f0,0ψny “ ´1
2
β2δ
ż
Rˆω
g1ψ
2
n`Opδ2q and xψn|f0,1Bϕψny “ 2β2δ
ż
Rˆω
g˜1pBϕψnqψn`Opδ2q .
An integration by parts provides
xψn|f0,2B2ϕψny “
ż
Rˆω
2δβΞpB2ϕψnqψn ` 2δβ2g1B2ϕψnψn `Opδ2q
“ ´
ż
Rˆω
2δβΞpBϕψnq2 ` 2δβ2
`
g˜1pBϕψnqψn ` g1pBϕψnq2
˘`Opδ2q.
Combining these results we get
(52) xψn,Wδψny “
ˆ´β2
2
ż
Rˆω
g1|ψn|2 ´ 2
ż
Rˆω
pβΞ` β2g1q|Bϕψn|2
˙
δ `Opδ2q.
from where one easily deduces the expression for µ˘1,n.
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Assume now that β “ 0. It is clear from (52) that µ1,n “ 0. Let us now compute the expression
of µ2,n. We have
xψn|f0,0ψny “δ2
ż
Rˆω
ˆ
´κ
2
4
´ 3
2
g1 :g1 `
ˆ
1
2
9Ξg˜1 ` Ξ 9˜g1
˙
´ 5
4
9g1
2
˙
ψ2n `Opδ3q
“δ2
ż
Rˆω
ˆ
´κ
2
4
` 1
4
9g1
2 ` 1
2
Ξ 9˜g1
˙
ψ2n `Opδ3q(53)
where we have used an integration by parts in s and that
ş
R
9Ξg˜1 ` 9˜g1Ξ “ 0. Moreover,
(54) xψn|f0,1Bϕψny “ Opδ3q and xf0,2B2ϕψn|ψny “ δ2
ż
Rˆω
Ξ2pBϕψnq2 `Opδ3q.
Combining (53) and (54) and integrating by parts we deduce µ˘2,n by
xψn|Wδψny “δ2
ż
Rˆω
´κ
2
4
ψ2n `
1
4
9g1
2ψ2n ´ Ξ 9g1pBϕψnqψn ` Ξ2pBϕψnq2 `Opδ3q
“δ2
˜
´
›››κ
2
›››2 ` ż
Rˆω
ˆ
9g1ψn
2
˙2
´ Ξ 9g1pBϕψnqψn ` pΞBϕψnq2
¸
`Opδ3q
“δ2
˜
´
›››κ
2
›››2 ` ż
Rˆω
ˆ
9g1ψn
2
´ ΞBϕψn
˙2¸
`Opδ3q . 
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